In this paper, we present a general existence theorem for periodic solutions for functional differential inclusions with nonconvex right-hand side. As an application, we prove that for a multivalued system with nonconvex right-hand side, permanence implies the existence of a pre-equilibrium state, which answers an open problem proposed by Hutson.
Introduction.
Deterministic modelling in the biological sciences often leads to ordinary differential equations, for example, ecological differential equations with state space R" :
x'i = Xifi(x), i -1,... ,n, x = (xi,... ,xn).
(1.1)
For such systems, it is quite important to discover whether permanence implies the existence of equilibrium states or not. From a biological point of view, it is reasonable to expect an affirmative answer to that problem. This has been theoretically established by some recent works (see [1] - [3] ). Particularly in [3] , Hutson gave quite a simple proof for this problem, with use of the asymptotic Schauder fixed point theorems. There, for the multivalued system
x' € f(x), x £ Rn (1.2) with / u.s.c. and convex-valued, he proposed the following open problem: Does the permanence of (1.2) imply the existence of an equilibrium state? A positive answer to this question has recently been given in [4] . However, it is of interest to enquire whether under different, or perhaps weaker conditions, the answer would still be positive. In particular for / l.s.c. and not necessarily convex-valued the question still remains open, and we shall consider this in the present paper.
We first consider the functional differential inclusion
x' e f(t,xt) = f(t + T,xt), (1.3) where T is a fixed positive number, and the right-hand side is not convex. In recent years, there has been increasing interest in the theory of periodic solutions of (1.4) because of its importance in several applied areas such as mathematical economics, optimization and optimal control, and statistics, and some works can be found in [5] - [8] and the references therein. We prove here (Theorem 3.2) an existence result for periodic solutions of (1.3). We then come to (1.2) and present in section 4 a counterexample to the above conjecture when / is l.s.c. and non-convex-valued.
However, in section 5 we establish a somewhat weaker result, that is, the existence of a "pre-equilibrium" state for such systems.
Preliminaries.
Let X and Y be metric spaces. A multifunction G : X -» 2y \ 0 is said to be l.s.c. if for every Xq e X,yo 6 G(xo) and £ > 0, there exists S > 0 such that
where B(xo,6) = {x € X : dist(x, xo) < <5} and B(yo,e) is similar. A map G : X -> 25 \ 0 is said to be u.s.c. if for every xq £ X and every open set U with G(xo) C U, there exists 6 > 0 such that G(x) c U, Vx G B(xo,6).
The following results are vital to our discussion. Then P has a fixed point in So.
In the sequel, given a real Banach space X, set Pk(X) = {A C X : nonempty, compact}.
Then in the usual Hausdorff metric p, Pk(X) is a complete metric space. on I and x0 = tp. If x(t) is a solution of (3.1) defined on R and satisfies the condition x(t + T) = x(t) for t E R, then x(t) is called a T-periodic solution of (3.1).
The following theorem deals with the existence of solutions to initial-value problems. IIvt -uti || < ||vf -vti || + \\vti -uti ||
Hence by (3.4), The following is the main result of this section, which generalizes a well-known result of Yoshizawa (see [12] and [13] ) on the existence of periodic solutions for functional differential equations to functional differential inclusions with nonconvex right-hand sides.
Let D], D-2 C R". Solutions of (3.1) are said to be bounded in D\ if there exists M > 0 such that every solution x(t) of (3.1) with the initial value Xo = ip satisfies \x(t)\ < M, \/t > 0, and Pj(Si) C So, for Ni < j < 2Ni -1.
Then by Horn's fixed point theorem (Theorem 2.2), P has a fixed point ipmT e So-The uniqueness of the solution with initial value implies x(t -f-T, (Pinr) (PrriT^)i which shows that x(t,<pmT) is a T-periodic. solution of (3.14). Applying (3.13) and the Arzela-Ascoli theorem to the sequence {tpmT}, passing to a subsequence if necessary, we may assume <Pmr * ^m '' ^ Sq Consider the inclusion (see Fig. 1) x € f{x), x 6 R (4.1) where r {i} (*<i)
It is easy to prove that /:/?-> Pk{R) is l.s.c. The solution curves of (4.1) can be described as in Fig. 2 .
Since for every x0 > 2, the solution x(t) of (4.1) with x(0) = xo is: x(t) = xq -t; while for every xq < 1, the solution x(t) of (4.1) with x(0) = Xo is: x(t) = xo + t. Therefore, the solutions of (4.1) are [0,3]- [1, 2] dissipative, hence permanent (see section 5). But there is no equilibrium state of (4.1) in [1, 2] . 
